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It bas been found that various properties of liquid metals are interpretable in terms of
a hard-sphere model. Since electronic screening of pair interactions in metals leads to
density-dependent hard-sphere diameters, we have examined the effect that this has on
the thermodynamic equations. - The virial equation is shown to contain extra contributions
to the pressure and compressiblity which are quite relevant for metallic systems. The

behavior of alkali metals is discussed.

In many treatments of the condensed state the
simplifying assumption often is made that the to-
tal N-particle interaction can be considered to be
the sum of independent pair-wise contributions.
At least for one class of systems, the rare gas-
es, this approximation is known to be rather ac-
curate.! For other cases important many-body
effects arise and this assumption becomes ques-
tionable. However it is sometimes possible to in-
clude the most important part of the contribution
of the many-body forces in a self-consistent
treatment in which pair interactions alone are
formally retained, but in which these become im-
plicit functions of the thermodynamic variables.

In metals this reduction is also complicated by

the two-component nature of the system of ions
and electrons. Nevertheless pair potentials re-
flecting the screening of the ionic charges by the
electron gas have been suggested and used suc-
cessfully in a variety of problems.?®* These
screened potentials are always implicit functions
of the electron density, and by neutrality, of the
ion number density. The temperature dependence
of potentials which have been used is negligible.
The purpose of the present paper is to discuss
the contributions to pressure and compressibility
in liquid metals arising from the explicit density
dependence of these effective pair interactions in
the liquid state. We point out that the hard-sphere
model of liquids can be encompassed within this

385




VOLUME 22, NUMBER 9

PHYSICAL REVIEW LETTERS

3 MARCH 1969

formalism by considering the hard-sphere diame-
ter to be density dependent. Since it has become
increasingly evident that the hard-sphere fluid
may be considered a reasonable limit case for the
description of the liquid state* and can be success-
fully applied to the case of liquid metals, ®° we
have chosen to formulate our discussion in this
Letter specifically for the hard-sphere model,
leaving the treatment of general potentials to a
more detailed article.

The virial equation for the case of a density-de-
pendent central pair potential &(r;;;p) can be
written
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p is the pressure, T is the temperature, and kg
is Boltzmann’s constant. g(r;p) is the pair dis-
tribution function at number density p for a pair
of particles separated at distance » and by defi-
nition is taken here to be that which would result
in a system at fixed density p; that is, it is de-
fined in the canonical ensemble. Equation (1) dif-
fers from the usual virial equation only in the ad-
ditional term in (8®/8p).” In order to apply Eq.
(1) to a hard-sphere model in which the hard-
sphere diameter d is a function of number density
p, the derivatives of the pair potential must be
replaced in the usual way® by a delta function of
appropriate strength. The resulting virial equa-
tion for the hard sphere is
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Again one can verify that for the case of constant
diameter this reduces to the standard form.® It
is convenient to rewrite Eq. (2) in terms of the
packing fraction 1 =4mpd® and the quantity '
=(81nn/81np). It becomes

P/pkBT=1+4ng(n)F, (3)

where g(n) is written for g(d;p) since this is a
function of n alone. By differentiating at constant
temperature one can easily obtain an expression
involving the isothermal compressibility,

(pkBTxT)“ =1+4ngT[1+T

+1(g'/g)T+nI’], (4)

where the primes denote differentiation with re-
spect to 1 at constant 7. Equation (4) will reduce
to the result obtained without volume dependence
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when I'=1,T"=0. In general it will be different
from this value except for fortuitous circumstanc-
es involving relationships between g, g’, T, and

| B4,

It is interesting at this point to discuss the ef-
fect of some hypothetical functional relationships
between d and p. First, if d varies as the nth
power of p, the value of I" will be 1+ 3=, while
I'”=0. The particular case that n=-3, for which
I'=0, is of special interest. According to Eq. (4)
this case will result in the perfect gas equation
of state! The value n=-3 implies that the pack-
ing fraction 1 remains constant as the volume is
changed. Therefore the radial distribution func-
tion will exactly scale with d, and it is plausible
that the “excess entropy” does not change. Thus
the thermodynamic relationship (8S/3V), =(8/
aT )V’ which in particular for hard spheres can
be written simply as (35/8V)p=p/T, then shows
that p/T must be identical with that of a perfect
gas, although the entropy is not.*®

A second case having striking consequences is
when I'"? ='4ng(77). Just as the volume dependence
of the diameter can compensate for the nonideali-
ty correction of the virial, it can go further and
compensate for the kinetic pressure as well. The
condition for zero pressure is just I'"!= 417g(17)
Recalling that T'=81nn/81np, this condition is a
first-order differential equation determining p as
a function of the packing fraction n, and hence
implicitly d as a function of p. For example, one
may obtain p(n) for the particular form of g(n)
given by the Percus-Yevick equation. This condi-
tion of zero pressure is of course a stability con-
dition, illustrating that particular volume depen-
dencies may in fact lead to phase transitions. We
shall not go further into this here.

Hard-sphere model of metals. —The hard-sphere
model applied to liquid metals has recently been
shown to be quite successful in explaining various
properties.®® Because the volume dependence of
the pair interaction is likely to be considerably
more important in metals than in nonconducting
condensed systems,® it would appear necessary
for the further development of this model to ex-
plicitly consider a volume dependence of hard-
sphere diameter.!! We shall briefly review the
essentials of the hard-sphere model and its foun-
dations in the more general theory of pair poten-
tials in metals.

While discussion of the energy of a metal in
terms of pair interactions was implicit in many
formulations, a more modern treatment, which
attempts to relate this decomposition into pair in-




